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Withrecent advancesin neutron star observations, major progress has
been made in determining the pressure of neutron star matter at high

density. This pressure is constrained by the neutron star deformability, as
determined from gravitational waves emitted in a neutron star merger, and
measurements of the radii of two neutron stars made using the Neutron
Star Interior Composition Explorer X-ray observatory on the International
Space Station. Previous studies have relied on nuclear theory calculations
to provide the equation of state at low density. Here we use a combination
of 15 constraints composed of three astronomical observations and

12 nuclear experimental constraints that extend over a wide range of
densities. Bayesian inference is then used to obtain a comprehensive

nuclear equation of state. This data-centric result provides benchmarks for
theoretical calculations and modelling of nuclear matter and neutron stars.
Furthermore, it provides insights into the composition of neutron stars and
their cooling due to neutrino radiation.

With masses that can be larger than twice the mass of the Sun and with
radii of approximately 13 km, neutron stars and their observed prop-
erties raise some compelling questions’. Are pions, strange particles
or quark matter important for understanding neutron star matter
and the internal pressure that supports a neutron star and prevents
it from collapsing into a black hole? If that matter is nucleonic, what
roles do repulsive short-range three-neutron or four-neutron forces
playinsupporting the star? Understanding the connections between
the pressure and the composition and structure of the stellar matter
clearly constitutes a key objective for both astrophysics and nuclear
physics®. To better understand the connections between nuclei and
neutronstars’, we combine nuclear measurements and astrophysical
observations to obtain an equation of state (EOS) of nuclear matter.
The breakthrough in EOS research in the past 5 yr has been in
astronomy. First, the era of multi-messenger astronomy, which involves
simultaneous observations of a merging binary neutron star system

with a wide array of astronomical instruments®, has enabled more
detailed studies of merging neutron stars. Then, two merging neu-
tron stars (GW170817) observed by the Gravitational-Wave Observa-
tories LIGO/Virgo Collaboration have provided information about
the deformability of the neutron stars’. Next, measurements of the
radii of pulsars by the Neutron Star Interior Composition Explorer
(NICER)®* have provided constraints on the neutron star mass-radius
correlation. Both the deformability and mass-radius relationship
constrain the pressure-density relationships or EOS of neutron star
matter above twice the saturation density n > 2n, (refs. 10,11), where
ny=0.16 nucleons fm (-2.6 x 14 g cm™) is the density at the core of
any heavy nucleus. Toaugment these astrophysical constraints, we add
constraints from nuclear physics experiments'? 2 obtained in the past
two decades. When combined, these constraints provide a consistent
description of the EOS that describes nuclear matter and neutron stars
atdensities of 0.5n, < n <3n,,.
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ABayesian analysis framework is used to infer the EOS parameters
and quantify the uncertainties in theresults. Inaddition to describing
the datafrom nuclear physics experiments, we also use aneutron star
model that employs the same EOS function to calculate neutron star
properties so that these predictions canbe compared to astronomical
observations. The resulting EOS serves as a benchmark for micro-
scopicnuclear theory and providesinsights into the nature of strongly
interacting matter inthe outer core of aneutronstar, its composition,
and the onset of direct Urca cooling processes. In a different context,
a comprehensive EOS would also yield insights into the collapse of
supernovae and the emission of neutrinos.

EOS function

We assume that nucleonic matter in nuclei and in neutron stars at zero
temperature shares acommon nuclear EOS that can be chosen to be
the energy per nucleonas afunction of density e(n). We can then obtain
the pressure by differentiating e(n) with respect to the density. We
parameterize e(n,, n,) asafunction of the neutron and proton number
densities n,and n,, where n = n, + n, is the total nucleonic density and
6 = ™" jsthe asymmetry. For reference, & = O for symmetric nuclear
matter. 8 =1for pure neutron matter. For matter inside the neutron
star, 6-0.9. To describe the evolution of the EOS with density and asym-
metry, e(n,, n,) = () + S(n)6” consists of two terms, where egyy(1)
isthe energy per nucleon for symmetric nuclear matter with6=0and
S(n)&%isthe symmetry energy termneeded when & # 0. This allows the
EOS todescribe nuclear matter with any composition of neutrons and
protons. Such a division is useful because the asymmetry 6 can be
experimentally controlled to enhance the sensitivity to either the sym-
metric matter EOS or the symmetry energy term. A detailed description
ofthe EOSs used in the Bayesian analysis can be found under Methods.

Constraints

Most experimental and astronomical observables are sensitive to the
EOS over a limited range of density. For example, radii, masses and
deformabilities of neutron stars largely reflect the pressure inside the
neutron stars at densities of n > 2n, (refs.10,27). On the other hand,
nuclear masses and neutron skins of neutron-rich nuclei are mostly
sensitive to the nuclear matter EOS at (2/3)n, (ref. 28). In addition to
these two density regions, observables constructed from the distri-
bution patterns of particles emitted in nucleus—nucleus or heavy-ion
collisions (HICs) have provided constraints on the EOS at densities in
therange 0.22 <n/n,<4.6 (refs.12,13,21,22,29,30). The available data
are diverse and are listed in Table 1. They are also illustrated in Fig. 1,
which shows the effective density region of mostly nuclear physics con-
straints up to about 3n,. Constraints prefaced with ‘HIC’ were obtained
from HIC experiments. A brief description of each of the constraints
is given below. Recall that the nuclear EOS is parameterized into two
terms, the symmetric matter term and the symmetry energy term,
which accounts for theimbalance between neutrons and protons. We
separate the nuclear physics constraints into those that are sensitive
to the symmetry energy and those that probe the symmetric matter
EOS. For astrophysics, the relevant density range is above 2n,,.

Symmetric matter constraints

Certain properties of symmetric nuclear matter, such as the satura-
tion density n, and saturation energy E,;, are reasonably well deter-
mined. We adopt the values n, = 0.16 fm™ and Eg,; = =16 MeV from
refs. 31,32. For theincompressibility parameter K;,;, we use the values
0f230 + 30 MeV following ref. 14. Even though these three parameters
are labelled in Fig.1at n,, only the Taylor expansion coefficient K is
used as a constraint in the Bayesian analysis.

Above the saturation density, measurements of the collective
flow from energetic Au + Au collisions have constrained the EOS for
symmetric matter at densities ranging from n, to4.6n, (refs.12,13). The
density range isindicated by a horizontal magenta arrow in the upper

Table 1] List of constraints used in the Bayesian analysis

Symmetric matter constraints

Constraint n(fm™) Psyw (MeVFfm™) Ksar (MeV) Ref.

HIC(DLL) 0.32 101£3.0 12

HIC(FOPI) 0.32 10.3+2.8 13

Giant monopole 0.16 230+30 14

resonance

Asymmetric matter constraints

Constraint n(fm™) S(n)(MeV) P, Ref.
(MeVfm™)

Nuclear structure

ap 0.05 15.911.0 15

PREX-II omn 2.38+0.75 16,17,28

Nuclear mass constraints

Mass(Skyrme) 0.101+0.005 247+0.8 18,28

Mass(DFT) 0.115+0.002 25.4+11 19,28

Isobaric 0.106+0.006 25.5+11 20,28

analogue states

HIC constraints

HIC(isodiff) 0.035+0.01 10.3+1.0 21,28

HIC(n/p ratio) 0.069+0.008 16.8+1.2 22,28

HIC() 0.232+0.032 52+13 10.9+87 23,28

HIC(n/p flow) 0.240 12184 24-26,28

Astronomical constraints

Constraint M (o) R (km) A Ref.

LIGO 14 190+30 11

*Riley PSR JO030+0451 1_34J_r8§2 12.71*:1:13 6

*Miller PSR JOO30+0451 1,44tg:ﬁ 13.023:(2)‘2 7

*Riley PSR J0740+6620 2.074:8:8; 12_394:3'3908 8

*Miller PSR JO740+6620 2.084:8:8; 13.7 ﬁsé 9

The NICER constraints marked with asterisks (*) are given half weight in the Bayesian
analysis as the four constraints listed here come from two measurements analysed by two
different groups.

rightcorner of Fig. 1. The pressure-density plot for symmetric matter
inFig.2b shows these two flow contours'>”. The black slanted-hatched
region (HIC(DLL)) corresponds to the symmetric matter EOS published
inref. 12 from an analysis of both collective transverse and elliptical
flow data measured atincident energies of 0.2-10 GeV u™. The extrac-
tion and model dependence of the HIC(DLL) contours are discussed
inref.12 and its online supplementary material. DLL is the first letter
denoting the names of the authors of'*: Danielewicz, Lacey, Lynch. The
magenta slanted-hatched region (HIC(FOPI)) constraint, obtained
from FOPI Collaboration and located at lower densities, results froman
independentanalysis of a different set of elliptical flow measurements
at 0.4-1.5GeV u™ (ref. 13). Known sources of theoretical uncertainty
are modelled and the symmetric nuclear matter pressure plotted in
Fig. 2b reflects this uncertainty estimation. Both contours agree very
wellintheregionaround 2n,where they overlap. We take the pressure
values (open square symbols) at 2n, as a constraint in our analyses.
In view of the availability of new and better measured data®>, more
robust constraints on symmetric matter are expected inthe near future.

Symmetry energy constraints
In the past decade, many studies have been conducted to extract the
symmetry energy and its contributions to the pressure (symmetry
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Fig.1| Constraints from nuclear experiments and astronomy observations
with their corresponding sensitive densities. The red horizontal arrow
indicates the high-density region (>2n,) probed by neutron star observations.
The magenta text indicates chosen values of Ey; = —16 MeV for the symmetric
matter EOS located at the saturation density n, = 0.16 fmfollowing refs. 31,32
and a symmetric matter constraint on Kgy; obtained from studies of giant
monopole resonance™. The purple horizontal arrow at the top of the figure
indicates the density range from symmetric matter constraints from HIC
studies'”. The remaining terrestrial constraints for nuclear symmetry energy
or symmetry pressure are labelled in blue and positioned at their sensitive
densities®. The coloured band indicates the approximate dependence of
pressure on density for pure neutron matter from the findings of current work.
DFT, density functional theory; GW, gravitational wave; IAS, isobaric analogue
states; isodiff, isospin diffusion n/p ratio, neutron to protonyield ratios; n/p flow,
neutron to proton differential flow; DDL, Danielewicz, Lacey, Lynch, the authors
of Ref. [12]; FOPI, FOPI Collaboration.

pressure)®, mostly at low densities. The precise symmetry energy
constraints showninFig. 2d have been obtained at about (2/3)n, from
nuclear masses using density functional theory in two independent
analyses involving different nuclei labelled as Mass(Skyrme)'® and
Mass(DFT)". In this density region, we also have precise constraints
obtained from the energies of isobaric analogue states® indicated by
adatapointlabelled asIAS. Measurements of the dipole polarizability
of °8Pb provide a constraint at a lower density of n=0.05 fm=, which
islabelled as aj, (ref. 15). Values for the neutron skin thickness and the
slope of the symmetry energy L(2n,/3) at (2/3)n, have been published
for the PREX-Il experiment, from which we obtain the pressure P(2n,/3).
Thisis labelled as PREX-II (refs. 16,17) in Fig. 2a.

HICs have been used to probe the symmetry energy and pressure
at densities far from (2/3)n,. Atincident energies below 100 MeV per
nucleon, lower densities are probed when matter expands after initial
impact and compression of the projectile and target. Experimental
observables primarily reflect the symmetry energy at subsaturation
densities with n < n, (refs. 21,22). Constraints from isospin diffusion
in Sn + Sn collisions, labelled as HIC(isodiff)”, provide a constraint
at n/n,=0.22 + 0.07. Ratios of neutron and proton energy spectra in
central collisions, labelled as HIC(n/p), provide a constraint on the
symmetry energy at n/n, = 0.43 + 0.05 (ref. 22).

Higher energy (>200 MeV u™) central HICs probe the EOS at
n>n,. The HIC(n/p flow) data point comes from the elliptical collec-
tive flows of neutrons and hydrogen nuclei in Au + Au collisions®2°
HIC(1r) comes from a recent measurement of the spectral ratios of
charged pions in very neutron-rich *?Sn +1*Sn collisions and nearly
symmetric'°%Sn +™2Sn collisions?. The use of (**Sn) and (***Sn) radio-
active beams have enhanced the asymmetry variation and the experi-
mental sensitivity to the symmetry energy. The uncertainty of the
pion constraint reflects large uncertainties in the difference between
neutron and proton effective masses and in the contributions from
non-resonant pion production®. Extractions and discussions of the
model-dependent uncertainties in the constraint marked as HIC(FOPI),
HIC(n/p) and HIC(n/p flow) can be found in refs.13,23,24. Finally, note
that the uncertainties in the sensitive densities listed in Table 1are too

small to influence the final EOS results and, therefore, are not used in
the Bayesian analysis.

Constraints from astronomical observations
When two neighbouring neutron stars begin to merge, the gravitational
field of each neutron starinduces a tidal deformationin the other. The
influence of the EOS of neutron stars on the gravitational-wave signal
during the in-spiral phase is encoded in the dimensionless, neutron
star tidal deformability A (ref. 5). Inthe inset of Fig. 2c, the value of A for
1.4 M, obtained from the binary neutron star merger event of GW170817
(ref.11) is plotted. The observation of alater merger event (GW190425)
did notimprove the accuracy of 4 due to poorer observing conditions®.
Since its operation in 2019, NICER has measured the radii of two
pulsars with very different masses®’. Figure 2c shows values for the
radii obtained by Riley et al.>*® and Miller et al.”” for these two pulsars,
PSR J0030+0451 and PSR J0740+6620 (refs. 37,38) with measured
masses of 1.34*01° M (1.44*31> M,) and 2.07*357 M, (2.08+337 M,),
respectively®”. Since these areindependent analyses of the same pul-
sars, each constraintis given the weight of 0.5 in the analysis.

Description of the neutron star model
calculations

We adopt the neutron star model described in ref. 39 to calculate the
properties of aneutron star, such asits deformability, mass and radius,
foreach EOSinthe prior distribution, by solving the Tolman-Oppenhe-
imer-Volkoff (TOV) equation*®*, In particular, we focus on the impact of
the EOS onthe outer core of the neutron star where neutrons comprise
the bulk of the matter and the inclusion of small admixtures of protons,
electrons and muons is required to attain 3 equilibrium. For simplic-
ity, we do not include sharp phase transitions within the neutron star
core. Both the inner and outer cores are described by the same equa-
tion except when the speed of sound in the outer core EOS begins to
exceed the speed of light. If this occurs, we transition it to the stiffest
possible EOS for which speed of sound equals the speed of light and
the EOS becomes very repulsive. Such transitions occur mostly above
3n,. Below the crust-core transition density, we use the crustal EOS
of ref. 42 (see Methods for details). Our study provides insights into
the EOS at densities of 0.5-3n, for which the current experimental
constraints are relevant.

Results

Bayesianinferenceisused to simultaneously determine all the param-
etersusedinthe EOS constructed from metamodelling (see Methods
for details). We constrain the Taylor expansion coefficients of the EOS
solely by the 15 discrete constraints obtained from astronomical obser-
vations and nuclear physics experiments. These constraints are plot-
ted inFig.2a-d (n,and E,; are fixed parameters, not constraints) and
listed in Table 1. The availability of so many constraints precludes the
dominance of asingle experiment, observation or theory and provides
data over awide range of densities.

The posterior distributions of the EOS calculated from Bayes theo-
rem are showninFig. 2. The 68% and 95% confidence intervals (Cls) of
the posteriors are represented by the dark greenand light blue shaded
regions. In each case, the posterior uncertainties are much narrower
thanthat of the prior (indicated by the blue dashed curves) and nearly
all data fallwithin the 95% Cl of the posterior regions. The posterior of
the density dependence of the symmetry energy shown in Fig. 2d is
similar to that obtained in ref. 28 but with much narrower uncertainty
bands due to the additional astrophysical constraints included in the
present work.

InFig. 2f, the purplish-blue shaded area shows the EOS for neutron
star matter at 90% CI obtained by employing only astronomical con-
straints'®. The uncertainty of our extracted EOS is narrower, especially
inthe low-density region where we employ experimental data. At high
density, the difference in uncertainties may be due to the different
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Fig. 2| Constraints on and posteriors of the nuclear EOS and neutron star.

All symbols represent data discussed in the text and listed in Table 1. The error
barsreflect 1o standard deviation unless specified. The blue dashed lines are 95%
Clboundaries of the prior distributions with an initial sample size of 1.5 million.
Theboundaries of the dark green and light blue shaded regions represent

68% and 95% Clboundaries of the posterior distributions, respectively, using an
initial size of 3 million. a, Density dependence of the symmetry pressure.

b, Density dependence of the symmetric nuclear matter pressure. ¢, Mass-radius
correlation. Symbols are data from two independent analyses of two pulsars
measured by NICER. The inset shows the mass-deformability correlation.

Number density n (ny)

Number density n (n)

The symbol represents the experimental deformability value for 1.4 M, with
error bars reflecting 90% CI. d, Density dependence of the symmetry energy.

e, Density dependence of the symmetry energy compared to YEFT(GP-B)
calculations (magenta). The Gaussian process—-BUQEYE collaboration (GP-B)
isaversion of XEFT calculations used in this work. The onset of Urca cooling
occurs above the solid black line. f, Density dependence of the pressure for
neutron star matter. The purplish-blue areais the EOS obtained in ref. 10 based
on astronomical constraints using only anon-parametric EOS. The hatched area
is from* with astronomical and high-density HIC constraints at high energy and
XEFT as priors at low density.

algorithm used in the analysis. Reference ' adopts non-parametric
EOSs as priors whereas in the current work we use parametric priors
based onanexpansion widely used in nuclear physics. The recent con-
straints*’ obtained by incorporating the chiral effective field theory
(YEFT) atlow density and Au + Au collective flow data fromrefs. 13,24,26
areshown as the hatched regions (black dashed lines) corresponding
to 68% (95%) Cl. The differences between the current work and ref. 43
most probably arise fromits strict reliance onthe YEFT EOS below1.5n,,
which produces asofter EOS. More comparisons with YEFT results are
discussed below.

Implications
Composition and the Urca cooling of neutron stars
Data on the pressure of both symmetric matter and neutron-rich mat-
ter provide crucial insights into the composition of dense matter. The
symmetry energy is very important for understanding the composition
and dynamics of matter within neutron stars because it contributes to
the chemical potentials of the particles that compose the stellar matter.
Alarge symmetry energy may increase the fraction of protons, muons,
hyperons or other particles that are present in dense matter. In 3 equilib-
rium, the protonfraction (protons perbaryon) y, increases with increas-
ing symmetry energy. (Details for calculating y, are givenin Methods.)
Ify, islarge enough, the Urca process of rapid neutrino emission
may quickly cool a neutron star*. Many isolated neutron stars have
been observed to be cooling relatively slowly, so the Urca process is
probably not operating*. However, some neutron stars, perhaps the
more massive ones, have been observed to be cooling quickly, consist-
entwith Urca*® process.

In the Urca process, a neutron undergoes beta decay, which is
followed by the proton capturing the electron with the net effect of
radiating a vv neutrino pair that cools the star. To conserve both
momentum and energy inthese weak interactions, the Fermi momenta
of protons k?, neutrons kf and electrons ki must satisfy k‘;’ + ki > k.
At a given density n, a symmetry energy above the black solid line in
Fig. 2e will have a large enough y, to satisfy this condition so that the
Urcaprocessis potentially allowed. Note that the composition shown
inFig. 3a was made possible by combining symmetric nuclear matter
data and symmetry energy data from HICs. When the central density
n..,of aneutron star of mass M(M,)) exceeds the Urca threshold density
Ny, the star can potentially cool quickly through the Urca process.
Figure 3b shows the mass dependence of (n, — ny.), indicating that
Urca cooling is probable for stars with a mass larger than 1.8 M. Note
that neutronstar cooling depends on possible superfluid pairing gaps
inaddition toy,. See, for example, ref. 47. Furthermore, matter in the
deep interior of a neutron star may not mainly consist of nucleons. In
this simple discussion, we do not include such effects.

Benchmarking microscopic theories

The EOS extracted in this work provides the energy per nucleon of
symmetric matter ey (1) and the symmetry energy term S(n). The sum
of these two terms yields the pure neutron matter EOS €,y (n). Unlike
previous studies*****’, our methodology does not require input from
any theoretical EOS. With recent advances made in the quantifica-
tion of the uncertainties of YEFT (ref. 50), it has been extended to 2n,
and has become a popular choice as alow-density EOS for describing
neutron star properties***%*°, Thus, it is interesting to compare our
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Fig.3|Predictions on the proton fraction and the Urca cooling. The
boundaries of the dark green and light blue shaded regions represent 68% and
95% Clboundaries of the posterior distributions, respectively, using an initial
sample size of 3 million. a, Density dependence of the proton fraction. The onset
of Urca cooling occurs above the solid black line. b, Density difference between
central density n., of a neutron star of mass M and the lowest density n,,, for
whichthe Urca process is allowed. They axis is in units of saturation density n,. If
this density difference is greater than zero, the star may potentially cool quickly.

results with the theoretical calculations. In Fig. 4, we compare the con-
strained EOS to the YEFT(GP-B) calculations with the 500 MeV momen-
tum cutoff***%' for the symmetry energy term of the EOS (left panels),
symmetric nuclear matter term (middle panels) and for pure neutron
matter (right panels) both in terms of pressure versus density (upper
panels) and energy per nucleon versus density (lower panels). Note
that there are differentimplementations of YEFT. The XEFT(GP-B) used
here is based on Gaussian Process from the BUQEYE Collaboration. It
hasatruncation thatis fully quantified as shown by the solid magenta
contours correspondingto the 95% Cland the magentahatched region
corresponding to the 68% Cl.

Ingeneral, the extracted EOS is broadly consistent with YEFT calcu-
lations especially at densities below n,. For the symmetric nuclear mat-
ter, the agreement is rather good up to 1.5n, even though it is slightly
offset from the saturation energy and saturation density, as noted
inref. 51. To compare the symmetry term of the EOS, the symmetry
energy (pressure) of the YEFT(GP-B) EOS was obtained by subtracting
the energy (pressure) of the symmetric matter from that of the pure
neutron matter®°%*', This leads to large uncertainty bands in Fig. 4a,d.
The EOS derived from yEFT is, in general, softer, consistent with the
smaller predicted neutron star radii®. Interestingly, due to the softness
ofthe YEFT, the Urca process will be mostly disallowed in neutron star
matter utilizing YEFT as EOS, as shown in Fig. 4d, where the black line
indicates the Urca threshold.

Summary

Insummary, we perform Bayesian analyses of 12 nuclear experimental
constraints with three complementary constraints from astronomical
observation to obtain a consistent understanding of the EOS of
neutron-rich matter at number densities from about halfto three times
the saturation density. Our method eliminates any over-reliance on
the datafrom one particular experiment, observation or theory. Within
the density range we study, the data do not appear to require the exist-
ence of a phase transition inside the core of neutron stars nor do they
rule them out. We adopt an EOS constructed from metamodelling in
the form of a Taylor expansion around the saturation density up to
fourth order. The extracted values of the expansion coefficients allow
the construction of the EOS for symmetric and asymmetric matter
including neutron star matter. Even though there are broad agreements
between our results and YEFT, especially at low density where the
theory is more valid, the disagreement increases with density. The
symmetry energy component of the EOS allows a determination of the
thresholds for Urca cooling. With the neutron star EOS, we obtained a
radius of 12.9%3-¢ km and a deformability of 530*12% for the canonical

K —138
neutron star with 1.4 solar mass. We found that a heavy-mass neutron

Pressure (MeV fm™)
3

a b
G
E ol 95% Cl posterior 0 L
> E mmm 68% Cl posterior & £
S [ E=3 XEFT(GP-B) E F
I H 3 r
2 1 g 1
2 10| S 10 =
o E e F
Q F 2 [
S g |
- B < [
= <4
£ 10° &0
0 1 2 3 0

Number density n (ny)

[-B

120

Number density n (ny)

o

Number density n (n,)

-

40
— Urca threshold
100 —

80 — 20 —

Symmetry energy (MeV)
[}
[}
T
Energy per nucleon (MeV) ©

120

100 —

80 —

Energy per particle (MeV)
[+
o
T

40 — 40 —
20 20 —
_20 =
0 0

0 1 2 3 0 0

Number density n (n)
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number density. The solid green (light blue) region is the 68% (95%) Cl of the
posteriors using an initial sample size of 3 million events. The magenta (hatched)
contours represent the calculations from yEFT(GP-B) based on Gaussian Process
from the BUQEYE Collaboration (refs. 31,50,51).
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star cools quickly by the Urca process. The tension between the pos-
teriorsand the datanominally reveals areas whereimproved measure-
ments are needed. This includes additional measurements of the tidal
deformability of neutron stars and more precise heavy-ion datafor the
symmetry energy and pressure above the saturation density*.

Methods
Parameterization of the EOS and the neutron star model
Neutron star radii and deformabilities can be combined to provide
constraints on matter at densities of 2 <n/n, < 4 in the outer core of a
cold neutron star®*" where we assume that the hadronic component
of matter is largely nucleons (neutrons and protons). Experimen-
tal observables that probe the EOS with nucleus—-nucleus collisions
provide constraints on nucleonic EOS functionals that can be used
to describe such densities'***?**, To perform these calculations, we
express the dominant hadronic component of the EOS in terms of the
energy per nucleone(n, ) or pressure, P = n’0¢/0n, where n=n, + n,,is
thetotal density, n,and n,are the neutronand proton number densities
and 6= (n,— n,)/nistheasymmetry.

Tosecond order in §, the energy e(n, 6) can be written as>

e(n,8) ~ €(n,0) + 65(n), 1)

wheree(n, 0),isthe energy per nucleon of symmetric matter withequal
neutron and proton densities (that is § = 0) and S(n), is the symmetry
energy of pure neutron matter for which 6 =1. For reference, 6~0.9 in
neutronstar. We calculate the symmetric matter EOS (e(n, 0)) and the
density dependence of the symmetry energy (5(n)) using the meta-
modelling ELFc formalism of ref. 54. Inmetamodelling, both e(n, 0) and
S(n) containkinetic energy (K.E.) and mean-field potential terms (U), as
well as effective mass (m*) corrections that reflect the non-localities of
the nucleonic mean-field potentials. These effective mass corrections
appear in the kinetic energy term such that the mass term is replaced
by effective masses:

e(n,8) = K.E.(n,6,m*) + U(n, 6). 2)

Away from n=0where thekinetic energy hasabranch cut singular-
ity, themetamodelling EOS is dominated by the values and derivatives
of e(n, 0) and S(n) at the saturation density n,~ 0.16 nucleons fm™,
which arelabelled as follows:

1 d%e(n,0)
Esar = €(ng, 0), Ksat = 2 ae In=nq>
i 3)
Q _ 1 d¢(n,0) 7 _ 1 d*e(n,0)
SAT = 3 g In=nos ZSAT = 37 g5 In=no»
ds(n) 1 d2S(n)

So =S(np),L = ?ln:nwksym = 2 e n=no»

4)
1 d*S(n) _

1 d*S(n)
; ) |n=novzsyrn—

e n=no

stm =

wherex = (n- n,)/(3n,). The exact formulae for these coefficients and
how they are combined with additional correction terms to obtain the
EOSdownton =0 canbefoundinref.54.

By using an EOS of the metamodelling form** instead of the more
customary Skyrme' or relativistic mean-field* density functionals,
which are commonly used to describe nuclei and nuclear matter, we
canreducethe model-dependent correlations in the asymptotic expan-
sion coefficients associated with equations (3) and (4) that are charac-
teristic features of the Skyrme and relativistic mean-field functionals™.
This allows the influence of the experimental and astrophysical con-
straints to be modelled more flexibly and clearly. Even though the
nucleon effective mass m*/m, can be an adjustable parameter in the
metamodelling approach®, we assigned nominal values of m*/m,=0.7
and mi = m;, where m: and m; are theisoscalar andisovector effective
masses, respectively.

We adopted the metamodelling EOS for nuclear matterinthe outer
core of a neutron star, which is composed of neutrons, protons, elec-
trons and muons, and is 3 equilibrated at a temperature close to zero
mega-electronvolts. Consistent with our experiment- and
observation-driven approach, we did notintroduce a theoretical model
for a different form for matter in the inner core of a neutron star but
looked to see if strong signatures for its presence can be observed by
changesinthe EOS at high densities, whichmight emerge inthe analy-
ses. We found none. We did ensure that when we extended the EOS to
higher densities that the speed of sound ¢, (= ¢ vdP/d¢) remains less
thanthe speed of light c.

To calculate a neutron star radius, we need to extend the EOS
from the core to the crust. We adopted a commonly used EOS for
the solid outer crust from ref. 42 and extrapolated this through the
inner crust region of 0.3n; < n < n; with spline interpolations. Here,
n;=-3.75x107*L + 0.0963 fm™ is the crust to core transition density.
Inref. 39, the uncertainty of this crustal EOS description is estimated
to be small compared to the present uncertainty of the EOS in the
core ofaneutron star. Using these EOS expressions, neutron star prop-
erties, such as deformability, masses and radii, have been obtained by
solving the TOV equations*®*'. More details of the neutron star model
and its uncertainties are provided in ref. 39.

Bayesian analysis
Priors. A Bayesian analysis was used to constrain the relevant Taylor
expansion coefficients defined inequations (3) and (4). Supplementary
Table 1lists the range of parameters used to generate the priors that
cover most of the experimental and astrophysical constraintslisted in
Table 1. For comparison, the corresponding posterior values are also
listedin Supplementary Table 1. Here, we give the rationale for choosing
theranges of the listed parameters using experimental information as
guidancewhenpossible. The general principleis to give each parameter
avery wide range to ensure that the priors encompass as much of the
experimental constraints as possible.

The ranges of the symmetry energy parameters of equation (4)
are guided by the comprehensive study in ref. 28. We do not have a
corresponding comprehensive analysis for the symmetric matter EOS
parameters of equation (3). Together with the well-known values of n,,
Esxrand Ky, the existence of two consistent constraints at 2n,on the
symmetric matter EOS provides some guidance on the EOS up to 2n,,.

Analyses of recent experimental results at high collision energy
and, therefore, high density from the Hades collaboration*® and from
the Beam Energy Scan Collaboration®** have revealed disagreements
between the new data and data from the E895 Collaboration®*. The
latter was used to derive the HIC(DLL) contours. The new data have
stimulated a re-evaluation of the EOS for symmetric matter® at high
density, which may lead to a future re-evaluation of the pressure con-
straints currently provided by HIC(DLL) at densities greater than 3n,,.
For the prior distributions of the symmetric matter EOSin this work, we
assessed both the existing HIC(DLL) and new but still preliminary analy-
sis*’ and concluded that the symmetric matter pressure at 4n, does
not exceed 300 MeV fm™. We include this knowledge in the prior dis-
tribution by selecting values for Z;,r such that the symmetry pressure
Poum(4n,) is uniformly distributed from 0 to 300 MeV fm, nearly twice
the published HIC(DLL) standard deviation upper limit of 156 MeV fm=
(ref. 12). Effectively, this means that the Z,; prior is not independent
butis correlated with the priors for other Taylor coefficients, especially
Qs,r, inthe expression for the symmetric matter EOS. Thus, Pgw(4n,)
appears in Supplementary Table 1 instead of Z,.. The current prior
distributions are wide enough to encompass possible higher pressures
fromthe preliminary analysisin refs. 59

To illustrate the influence of neutron star on the priors, 5,000
randomly chosen priors based on the parameter ranges listed in Sup-
plementary Table 1are shown as grey curves in Supplementary Fig. 1.
Panel 1a shows the density dependence of energy per particle of the
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pure neutron matter (as commonly used by the nuclear physics com-
munity) whereas Panel 1b shows the corresponding pressure as a func-
tion of number density (more commonly used by the astrophysics
community). The TOV equations are solved and any EOSs that do not
lead to a maximum neutron star mass of at least 2.17 M, are rejected
before applying the Bayesian analysis. (Lowering the least maximum
neutron star mass to 1.8 M, does not change the results or conclusions.)
The neutron star requirement removes very stiff and very soft EOSs,
especially those with avery small or negative pressure at high density.
This greatly reduces the number of priors to about 5% of the original
numbers. They areshown asblue curvesin Supplementary Fig. 1. Since
these arethe priors used in the Bayesian analysis, they will be referred
to simply as ‘priors’ from here on.

Bayes theorem. Bayesianinference is performed to generate the pos-
terior distribution, whichis governed by various expansion coefficients
definedinequations (3) and (4) and the experimental and astronomical
measurements. The posterior distributionis given by Bayes theorem®,
which canbe written as

P(EOS|Constraints) « P(EOS) H L(ith constraint). (5)
i

In this equation, P(EOS) is the prior and £(ith constraint) is the
likelihood, defined as the probability of observing the experimental
and astronomical results assuming that a given set of EOS expansion
coefficientsis the perfect description of nuclear matter. In this analysis,
foran observable O, which the measurements/observations constrain
to have a mean of x, and a standard deviation o equal to the error,
the likelihood of it having a true value of x is given by a Gaussian
exp[—(x - x0)’/(207)].

For gravitational wave constraints with asymmetric uncertainty,
an asymmetric Gaussian is used. The latter is constructed from two
Gaussian functions with the same mean value but different widths
and scaled to match the height of each other at the mean. These are
used to describe the two halves of the distribution on opposite sides
of themean value.

Posterior distributions. The Bayesian analysis is performed with the
parameters allowed to vary within the ranges listed in Supplementary
Table 1. The posteriors of the EOS parameters and predictions for the
radius and deformability of the 1.4 M_neutronstararealso listed. In the
sametable, welist the predictions for the Taylor expansion coefficients
for the symmetry energy at a density of 0.1 fm™ for which the experi-
mental constraints are most robust. A parameter is defined asavariable
thatisaninputtoan EOSwhereas apredictionis defined aseverything
iscalculated. We made this distinction for in tables for clarity, but they
areall called parametersin other sections of this article for brevity.

The posterior distribution, which describes the probability of the
ith parameter having value m;given the constraints listed in Table 1, was
calculated from Bayes theorem. The marginalized posterior distribu-
tions were calculated by distributing each parameter on a histogram,
weighted by afactor from equation (5). Atotal of 4.5 million EOSs were
sampledintwo stages. In the first stage, 1.5million EOSs were sampled
uniformly within the ranges in Supplementary Table 1. This small set of
expansion coefficients informed us of the range of preferred values.
The remaining 3 million EOSs were sampled uniformly within 99% Cls
from the marginalized distributions from theinitial batch of EOSs. This
two-step process allowed us to more efficiently sample the parameter
space that is relevant. The Cls for the energy and pressure values for
the EOS, as well as the values of various observables directly related to
thenuclear EOS, were calculated by weighting each prediction with the
corresponding factor.

Supplementary Fig. 2 shows corner correlation plots for six param-
eters: the symmetry energy at the saturation density S,, the slopes of

the symmetry energy at 0.67n,, n,and1.5n,, and the radii and deform-
ability of aneutron star withanominal mass of 1.4 M,. Inred, we show
the loand 20 contours of these correlations. Because we constructed
the prior EOS using metamodelling, we avoid any a priori correlations
between the slope of the symmetry energy at different densities and
other neutron star properties. The correlations in these plots reflect
strong connections between the EOS at specific densities and neu-
tron star radii and deformabilities. Nonetheless, both the radii and
deformability of the neutron star are correlated with the slope of the
symmetry energy at 0.67n,, n, and 1.5n, as well as with each other,
consistent with previous studies. Along the diagonal are the posterior
one-dimensional plots for the parameters with the solid vertical lines
corresponding to the median (50th percentile) and the dashed verti-
cal lines corresponding to the 68% (10) Cl. The posterior values with
louncertainties arealso listed in Supplementary Table 1. Ineach case,
the posterior uncertainties are much narrower than that of the prior.

Direct Urca cooling

The symmetry energy is very important for understanding the com-
position and dynamics of matter within neutron stars because it con-
tributes to the chemical potentials of the particles that compose the
stellar matter. In  equilibrium, the chemical potentials of a neutron
1, a proton y, and an electron p, satisfy u. = 1, — u, and the proton
fraction y,satisfies

/
[4S00 - )8 + {[4SA - )P —m2} =3y, (6)

atbaryon density n with m, being the muon mass.

Data availability
All data points used in this work are listed in Table 1 together with the
references. They are also plotted in Fig. 2.

Code availability

Analysis codes specially written for this work are available online at
https://github.com/nscl-hira/TidalPolarizabilityPublic. The TOV solver
used inthis workis available upon request to the corresponding author.
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